Abstract. This article is a survey about or introduction to certain aspects of the complex geometry of a hypothetical complex structure on the six-sphere. We discuss a result of Peternell-Campana-Demailly on the algebraic dimension of a hypothetical complex six-sphere and give some examples. We also give an overview over an application of Huckleberry-Kebekus-Peternell on the group of biholomorphisms of such a complex six-sphere.
Introduction
The Hopf problem concerns the existence of a compact complex manifold whose underlying differentiable manifold is the sphere S 6 ; we will refer to this as a hypothetical complex six sphere and denote such a manifold 1 by S 6 . As a compact complex manifold such an S 6 can be studied using the toolbox of complex analytic geometry. The hope, which has not materialized so far, is that one can either derive a contradiction or find a hint for a direct geometric construction thus solving the Hopf problem.
The main results in this direction, besides the restrictions on Hodge numbers described in [An17] , have been obtained by Campana, Demailly, and Peternell in [CDP98] and subsequently by Huckleberry, Kebekus, and Peternell in [HKP00] . They concern the algebraic dimension of S 6 and its automorphism group.
Here we do not aim to give a full independent proof of their results, instead we intend this paper as an introduction and stepping stone to their methods and results.
We have been notified by Thomas Peternell that the arguments used in [CDP98] to control the algebraic dimension need an additional assumption, and that they are preparing a corrigendum 2 completing the study of meromorphic functions on a hypothetical S 6 . We were informed that there are three cases to consider, and as in one of them the original argument of [CDP98] needs only minor changes we will follow this particular case. We do not claim originality for the material presented here.
Thus, we will show in Section 3 that a hypothetical S 6 does not admit meromorphic functions that do not extend to a holomorphic map to P 1 . It turns out that this is primarily a consequence of the topology of S 6 : by the Gauß-Bonnet theorem the topological Euler number is given by the integral over the top Chern class of X and due to the vanishing of b 2 (X) the Hirzebruch-Riemann-Roch formula shows that e(X) = 0 is equivalent to χ(T X ) = 0 where χ is the holomorphic Euler characteristic for a complex vector bundle on X. This last vanishing is deduced from a more general cohomological vanishing result, Theorem 3.1.
Before we describe the method of [HKP00] to control the automorphism group of a hypothetical S 6 of algebraic dimension 0 in Section 5, we construct in Section 4 some examples of non-Kähler manifolds to show that Theorem 3.1 does indeed apply to some manifolds.
We will now start with a gentle introduction to some of the ideas needed to prove the above results. viable, in particular, for sending us a preliminary version of [CDP19] where a proof of the case treated here was already contained. We would like to thank Giovanni Bazzoni for comments on an earlier version and the participants and organizers of the workshop from which this paper evolved for a fertile week. The first author would like to thank Patrick Graf for interesting discussions. The third author would like to thank her supervisor Marc Nieper-Wißkirchen for his support.
Preliminaries

Meromorphic functions.
Recall that an analytic subset in a complex manifold is a (closed) subset which locally around every point can be described as zero set of finitely many holomorphic functions. Analytic subsets are by definition the closed subsets of the analytic Zariski topology.
Definition 2.1. Let X be a complex manifold. A meromorphic function on an open set U ⊂ X is a holomorphic function f : U \ P − → C where P ⊂ U is an analytic subset called the polar set of f such that for every p ∈ U there exist an open neighbourhood V ⊂ U and holomorphic functions g, h : V − → C such that h has no zeros outside P and f = g h on V \ P .
2 After the present article had been published, this corrigendum appeared on the arXiv, see [CDP19] .
Remark 2.2. In higher dimensions, meromorphic functions (and maps), usually denoted by dashed arrows, behave differently from the familiar case of one complex variable. Consider as an example X = P 2 with homogeneous coordinates (x : y : z) and the rational map given by f = x/y : X C. Then clearly f is not globally a quotient of two holomorphic functions. A maximal domain of definition is U = X \ {(x : y : z) | y = 0} so that Σ = {y = 0} becomes the pole divisor of f and {x = 0} is the divisor of zeros. Note that f cannot be extended to a holomorphic map to P 1 , because it cannot be well defined at the point (0 : 0 : 1). Indeed, it is well known, that there is no holomorphic map from P 2 to P 1 .
Meromorphic functions can be added, multiplied, and inverted outside the polar set and thus form a field which leads to the definition of the algebraic dimension Definition 2.3. Let X be a complex manifold and denote by M(X) its field of meromorphic functions. The algebraic dimension of X is defined to be a(X) := trdeg C M(X).
The condition a(X) > 0 is thus equivalent to the existence of a nonconstant meromorphic function. Riemann surfaces always satisfy a(X) = 1. In higher dimension a(X) may attain every value between 0 and dim X. This notion is not well behaved for non-compact manifolds. It is an interesting exercise to show that a(C N ) = ∞ for example. If X is a projective 3 manifold, then a(X) = dim C X. In this case, meromorphic functions on X are the same as rational functions on the corresponding algebraic variety X and it is well known that the field of rational functions determines the algebraic variety X up to bimeromorphic equivalence, see Definition 2.4. By a theorem of Thimm [Th54, 6.11, Hauptsatz III], we have a(X) ≤ dim C X for a compact complex manifold.
4
Definition 2.4. Let X and Y be complex manifolds. A meromorphic map f : X Y is a holomorphic map f : X \ P − → Y where P ⊂ X is a nowhere dense closed subset with the following properties: there is an analytic subset Γ ⊂ X × Y such that the map p : Γ − → X induced by the projection to the first factor is proper, is biholomorphic over X \ P , the subset p −1 (P ) ⊂ Γ is nowhere dense, and f = q • p −1 where q : Γ − → Y is induced by projection to the second factor. The set Γ is uniquely determined by f and is called the graph of f . The subset X \ P is called the domain of definition of f and its complement P is called the locus of indeterminacy of 3 By a projective manifold, we understand a closed submanifold of complex projective space P n . In particular, a projective manifold is always compact. Recall that by Chow's Theorem, a projective manifold is always algebraic. 4 The result has an interesting history. The first author who published a proof of such a theorem for abelian varieties was Weierstraß, see also chapter 4.10 of Fischer's book [Fi76] for some historical remarks and a proof of the theorem for reduced and irreducible compact complex spaces. Fischer names the theorem after Weierstraß-Siegel-Thimm and Siegel seems to have been the first to give a complete proof of Weierstraß' theorem in [Si55] . Thimm was the first to prove the theorem for arbitrary compact complex manifolds, see Grauert-Remmert [GR84, Chapter 10 §6, 4.] for another proof and some historical remarks. Finally, Thimm himself wrote an article on the history of this theorem, see [Th66] .
f . We usually consider two meromorphic maps f, f : X Y equal if they coincide on the intersection of their domain of definitions. Thus, there is an obvious notion of composition for meromorphic maps which are dominant
A meromorphic function f : X C thus gives rise to a meromorphic map f : X P 1 . A fibre of a meromorphic map f : X Y is the closure of a fibre of the restriction of f to its domain of definition. So in particular, fibres over different points of Y may intersect in X.
It is convenient to introduce the following terminology. Resolutions of indeterminacy where Y is a complex manifold always exist: just take a resolution of singularities of the graph Γ ⊂ X × Z. As we observed, a meromorphic function on X gives a meromorphic map f : X P 1 . One can always obtain from this a meromorphic map g : X C with connected fibres to a smooth compact curve C by taking the Stein factorization of a resolution of indeterminacy.
Remark 2.7. Going back to the example from Remark 2.2 we consider the meromorphic map f = x/y : P 2 P 1 . The locus of indeterminacy is the point P = (0 : 0 : 1) and the closure of the graph of f | X\{P } in the product P 2 × P 1 is the blow up of P 2 in the point P , which is the P 1 -bundle P(O ⊕ O(−1)) − → P 1 . The fibres of f are the images of the fibres of this P 1 -bundle, that is, the lines through the point P . This is the classical linear projection from a point. It is an easy but instructive exercise in classical geometry to understand the projection from two distinct points, that is, the rational map
Lemma 2.8. 
Proof. Consider the divisorD = π * D, that is, the 1-codimensional part of the image of D. SinceD is effective, its pullback to Y is also effective and thus there is an effective π-exceptional divisor Σ such that
Having no non-constant meromorphic functions has some consequences which will turn out to be useful later:
Proposition 2.9. Let X be a compact complex manifold of algebraic dimension a(X) = 0 and let E be a holomorphic vector bundle of rank r on X.
and thus h 0 (X, E) ≤ rk(E).
Proof. By induction we may assume that for all j = 1, . . . , k the wedge products s 1 ∧ · · · ∧ s j ∧ · · · ∧ s k = 0, that is, all subsets of k − 1 of the sections are linearly independent in the fibre at the general point of X. Assume s 1 ∧· · ·∧s k = 0 in H 0 X, k E . Then in every local trivialization
over a connected open subset U ⊂ X we can solve the system of linear equations over the field M(U ) of meromorphic functions on U to get a unique linear relation
. By uniqueness these local linear relations extend to a global linear relation over the field M(X). However, since a(X) = 0 we have M(X) = C and thus the s i are not C-linearly independent -a contradiction.
To get the dimension estimate we interpret decomposable elements of the form
as representatives of elements in the Grassmannian Gr(k, h 0 (X, E)) of k-planes in H 0 (X, E) in its Plücker embedding. Then the above says that the indeterminacy locus of the linear projection
Substituting k = rk(E) + 1 gives the last estimate.
2.2. Sheaf cohomology and higher direct images. The obstruction to globalise a local construction on a compact complex manifold X can usually be found in the appropriate sheaf cohomology group. For an introduction to these important techniques we refer to [Ha77] , but we will briefly discuss higher direct image sheaves, which will make a prominent appearance later on. Let f : Y − → X be a proper holomorphic map and F a sheaf of abelian groups on Y . Then we define the i-th higher direct image sheaf R i f * F to be the sheaf on X associated to the presheaf
Even though this is not always true, one would like to imagine this to be the sheaf on X, whose fibre at x is the cohomology of F restricted to f −1 (x) and this can be made precise by the base change theorem [BS77] . In addition, these sheaves measure the failure of f * to be exact in the sense that if
is an exact sequence of sheaves on Y then we get a long exact sequence
of sheaves on X. This tool is often used to compute cohomology groups because of the Leray spectral sequence
As an example, one might want to consider the sheaf Z Y on the total space of a fibre bundle and reprove the Leray-Hirsch Theorem with this machinery.
Remark 2.10. A particularly important class of sheaves on a complex manifold X are coherent sheaves, which are roughly all sheaves that can be written as cokernels of an O X -linear map of locally free sheaves. These have the useful property that they have no cohomology in degree higher than the dimension of X, which implies that higher pushforward sheaves are zero above the maximal dimension of a fibre. 
What follows is rather standard for smooth projective varieties, but we did not find a comprehensive treatment for compact complex manifolds in the literature which is why we wanted to provide some references. An important tool is the Hirzebruch-Riemann-Roch theorem which states that for a vector bundle or a coherent sheaf F on a compact complex manifold X of dimension n the holomorphic Euler characteristic χ(F ) := n i=0 dim H i (X, F ) can be expressed in terms of the Chern character of F and the Todd class of X as follows:
The formula has first been proven for a smooth projective variety X. It has been proven in the analytic context first for characteristic classes in the Hodge cohomology ring
. A version in Ktheory for complex spaces has been proven in [Le87] from which the singular cohomology version can be deduced as for smooth projective varieties, see [BFMP79] .
The Hirzebruch-Riemann-Roch formula is used to connect holomorphic information with topological information. This is also manifested in the Gauß-Bonnet theorem, which links the topological Euler characteristic of a compact complex manifold X to its top Chern class.
It is well known how to deduce (2.3) from Hirzebruch-Riemann-Roch, see for example Huybrechts' book on complex geometry [Hu04, Corollary 5.1.4]. We obtain
The first equality can also be obtained directly from the Borel-Serre formula, see [Fu98, Example 3.2.5], and the Hirzebruch-Riemann-Roch theorem. Then we use that the holomorphic de Rham complex is quasi-isomorphic to the constant sheaf C. Note that it is not necessary that the spectral sequence
degenerates at E 1 . The Euler characteristic of the E 1 -term of a spectral sequence is always equal to the Euler characteristic of the abutment. We observe that by compactness of X all vector spaces are finite dimensional.
Picard variety.
Let us recall that on a complex manifold X a holomorphic line bundle can be described by a holomorphic cocycle and that up to isomorphism holomorphic line bundles are classified by the (Čech)-cohomology group Pic(X) = H 1 (X, O × X ). The exponential sequence of sheaves
where c 1 maps the isomorphism class of a line bundle to its first Chern class. The Picard variety of degree 0-line bundles on X is thus Pic 0 (X) = ker c 1 = H 1 (X, O X )/H 1 (X, Z). To endow Pic 0 (X) with the structure of a complex manifold we need the following Lemma, for which we give a proof since we could not track down a reference in the literature.
Lemma 2.11. For every compact complex manifold the group H 1 (X, Z) is discrete in H 1 (X, O X ). In particular, Pic 0 (X) is a connected Hausdorff complex manifold.
Proof. We consider the short exact sequence 0 − → C − → O X − → dO X − → 0 of sheaves on X where dO X ⊂ Ω X is the subsheaf of locally exact holomorphic 1-forms. We see from this that
We have
For a compact Kähler manifold X, Hodge theory tells us that Pic 0 (X) is compact, as b 1 (X) = 2h 1 (X, O X ). This need no longer be the case for compact complex manifolds: if for example the first Betti number is odd, the H 1 (X, Z) can never map to a lattice of full rank in H 1 (X, O X ). We give a classical example where this occurs.
Example 2.12. Let X be a Hopf surface defined as X = C 2 \{0} /G where G is the infinite cyclic group generated by a contraction γ. Kodaira has observed in section 10 of [Ko66] that by work of Lattès [La11] and Sternberg [St57] such an automorphism γ of C 2 \{0} can be brought into a normal form given by (z 1 , z 2 ) → (α 1 z 1 + λz n 2 , α 2 z 2 ) where α 1 , α 2 , λ ∈ C with 0 < |α 1 | ≤ |α 2 | < 1 and λ = 0 unless α 1 = α n 2 . One easily sees that a Hopf surface X is diffeomorphic to S 1 × S 3 so that H 1 (X, Z) = Z and H 2 (X, Z) = 0. In fact, Kodaira [Ko87] has shown that all complex structures on S 1 × S 3 come from Hopf surfaces. It can also be shown that H 1 (X, O X ) = C, see [BHPV04, V.18]. The exponential sequence therefore gives us an exact sequence
Remark 2.13. From the exponential sequence it is straightforward to construct a universal line bundle L on Pic 0 (X) × X with the property that for all isomorphism classes of line bundles
, let π : V × X − → X be the second projection and consider the tautological section
given by τ (α, x) = α. If we consider τ as an element of H 1 (V × X, O V ×X ) via the Künneth decomposition and then apply the exponential map we get a class exp(2πiτ ) ∈ H 1 (V ×X, O × V ×X ) which defines a line bundle on V ×X. By construction, this line bundle descends to the universal line bundle L on Pic 0 (X) × X.
The algebraic dimension of a hypothetical complex S 6
In [CDP98] Campana, Demailly, and Peternell proved, as an application of a more general result, that a hypothetical complex S 6 has no meromorphic functions, that is, has algebraic dimension zero. However, we were notified by Thomas Peternell, that the proof has a gap. We will explain the gap in Remark 3.7. He also notified us, that a corrigendum is in preparation and, while the more general result has to be weakened, the conclusion for the hypothetical complex S 6 still stands.
In this section, our goal is more modest: we will give a general vanishing result for threefolds with b 2 = 0 admitting non-holomorphic, meromorphic maps to a curve following the original strategy of [CDP98] and explanations by Thomas Peternell. This will exclude the existence of such functions on a hypothetical complex S 6 .
Theorem 3.1. Let X be a compact complex manifold with dim C X = 3, b 2 (X) = 0, and assume that X admits a meromorphic, non-holomorphic map f : X C onto a curve. Then for a holomorphic vector bundle E on X we have (1) H i (X, E ⊗ L) = 0 for all i ≥ 0 and for a holomorphic line bundle L on X which is generic
The Gauß-Bonnet formula (2.3) implies immediately.
Corollary 3.2 (Campana-Demailly-Peternell). Let S 6 be a compact complex manifold whose underlying topological space is homeomorphic to the 6-sphere S 6 , then X does not admit a meromorphic, non-holomorphic map f : X C onto a curve. In particular, if a(X) > 0, then every meromorphic function on X extends to a holomorphic map to P 1 .
For the proof of Theorem 3.1 we need an auxiliary result.
Lemma 3.3. Let X be a smooth complex threefold, let Y ⊂ X × P 1 be a closed subspace which is integral, 7 and suppose that the projection π : Y − → X is bimeromorphic. Then the following holds.
(1) Let F be a coherent sheaf on Y . Then R q π * F = 0 for all q ≥ 2.
Proof. Ad (1): As the fibres of π are contained in P 1 , the R 2 π * O Σ vanishes for dimensional reasons. This is a consequence of Grauert's comparison theorem 8 [Gr60, §6, Hauptsatz II a], see also [GPR94, II. Theorem 4.5 (1)]. Ad (2): The statement for q = 2 is a special case of (1). As the exceptional fibres of π are all isomorphic to P 1 , the claim for q = 1 follows as in (1) using 6 In this context, generic means that the statement applies to L contained in the complement of some nowhere dense analytic subset of Pic 0 (X). 7 irreducible and reduced 8 In algebraic geometry this statement is known as the theorem on formal functions. (1) Let X be a compact complex threefold containing a smooth curve C ⊂ X. Let π 1 : X 1 − → X be the blow up of X along C and let π 2 : X 2 − → X 1 be the blow up of X 1 along a smooth curve C contained in Exc(π 1 ) such that the induced map p : C − → C is finite of degree d > 1. Such a curve clearly exists: as Exc(π 1 ) is projective, any general ample divisor will do. Let Σ = Exc(π 2 ) and let π : Σ − → C be the composition of π 1 • π 2 restricted to Σ. Then π * O Σ = p * O C which is a coherent sheaf of rank d.
(2) Let X be a compact complex threefold, let π 1 : X 1 − → X be the blow up of a smooth point p with exceptional divisor E and let π 2 : X 2 − → X 1 the blow up of a smooth non-rational curve C contained in E with exceptional divisor Σ. Then
Every non-zero holomorphic section of a vector bundle on a manifold can vanishes along a given divisor only to finite order. Based on this idea one gets a vanishing criterion in a more general situation.
Lemma 3.5 ([CDP98, Prop. 1.1]). Let Z be a compact complex space, not necessarily reduced, but without embedded components, and let D ⊂ Z be an effective Cartier divisor. Assume that D meets every irreducible component of Z non-trivially. Then for every holomorphic vector bundle E on X there exists k 0 such that H 0 (Z, E(−kD)) = 0 for k ≥ k 0 .
The following observation is rather trivial but crucial for the proof.
Lemma 3.6. Let X be a complex manifold with b 2 (X) = 0 and let L ∈ Pic(X). Then for m sufficiently divisible mL ∈ Pic 0 (X).
Proof. Since b 2 (X) = 0 the integral second cohomology is a finite abelian group and thus the exponential sequence (see Section 2.4) induces a short exact sequence
Choosing m to be a multiple of the exponent of H 2 (X, Z) proves the claim.
Proof of Theorem 3.1. We will show first that (1)⇒(2)⇒(3) using only the hypothesis b 2 (X) = 0. To deduce item (2) from (1) consider the variety Pic 0 (X) × X, the projection p : Pic 0 (X) × X − → X, and the universal line bundle L explained in Remark 2.13. Then we can view the vector bundle p * E ⊗L as a family of vector bundles on X parametrized by Pic 0 (X). Since Pic 0 (X) is connected (and the family is automatically flat) the holomorphic
For (3) observe that the vanishing H 2 (X, Q) = 0 = H 4 (X, Q) implies c 1 (E) = 0 = c 2 (E) for every vector bundle E on X where the Chern classes are considered in H * (X, Q). In particular, it follows from (2) and (2.2) that 0 = χ(T X ) = 1 2 X c 3 (X), see also (2.1). It remains to show (1). Fix the vector bundle E under consideration.
Step 1: By upper semi-continuity of dim H i (X, E ⊗ L) in families of sheaves (see [BS77, III. Theorem 4.12 (i)]) we obtain that H i (X, E ⊗ L) = 0 for all L from a dense (Zariski) open subset U i ⊂ Pic 0 (X) as soon as we find one such L. As the intersection of finitely many dense open subsets is again dense open, it suffices to find for each i = 0, . . . , 3 a single L = L i ∈ Pic 0 (X) for which H i (X, E ⊗ L) = 0. By Serre duality for compact complex spaces (see [AK73] ) it suffices to show the claim in the cases i = 0 and i = 2.
Step 2: Let us show that H 0 (X, E ⊗ L) = 0 for some L ∈ Pic 0 (X). For this part we only need to assume that X contains an effective divisor D.
Since we assumed the existence of a meromorphic function, we can choose D to be one of the fibres. Then by Lemma 3.6 there exists an m such that L = O X (mD) ∈ Pic 0 (X) and H 0 (X, E ⊗ L −k ) = 0 for k 0 by Lemma 3.5. This settles the case of H 0 .
Step 3: Let us show that H 2 (X, E ⊗ L) = 0 for some L ∈ Pic 0 (X). This vanishing is much more difficult to obtain and we will heavily use the meromorphic map f . Resolving the indeterminacies of f we get a diagram
where Y is the closure of the graph of f in X × C and π and g are induced by the projections. By assumption, π is not an isomorphism. As X is normal and π is birational, we have π * O Y = O X ; in particular, π has connected fibres. Replacing g by its Stein factorization we may assume that also g * O Y = O C . Note that Y may fail to be smooth.
Step 3a: We will show first that C = P 1 . Let Z − → Y be a resolution of singularities such that the composition Z − → X is a blowup in smooth centres:
Assume that the genus of C is g(C) > 0. We may assume that n is minimal such that Z n − → C is holomorphic. If Z n is the blowup of Z n−1 in a smooth subvariety P , then the exceptional fibres of π n are isomorphic to P codim P −1 , hence are contracted under Z n − → C which therefore factors through Z n−1 contradicting the minimality of n.
Step 3b: Choice of L. We fix an ample line bundle A on C = P 1 . Then by Lemma 2.8 there is a line bundle L 0 on X and an effective divisor Σ ⊂ Y whose support is contained in the exceptional locus Exc(π) such that
Note that by our assumption that f does not extend to a holomorphic map from X to C, every component of the exceptional locus (in particular every component of Σ) surjects onto C. By Lemma 3.6 we may replace A by a multiple and then assume that L 0 ∈ Pic 0 (X). As Y is irreducible and g * O Y = O C , the general fibre of g is irreducible.
Since Y was defined to be the graph of f , the fibres of g are embedded in X and there is (at most) a finite number of reducible fibres. Let us denote F Σ the divisor on X which is the union of all components of reducible fibres of g which meet Σ (on Y ). Observe that this is a Cartier divisor as X is smooth. Let F denote the set of all components of reducible fibres of g. Now we introduce a weight for elements of F. Consider the graph whose vertices are elements of F and where two vertices are joined by an edge if and only if the corresponding components have nonempty intersection in X. Observe that as g is not holomorphic there may be edges between vertices corresponding to components of different fibres of g. Define the weight of an F ∈ F to be the minimal length of a path from the corresponding vertex to a vertex representing a component of F Σ . As every fibre is connected and meets Σ there is always such a path. Let us denote by F i the divisor on X which is the sum of all F ∈ F that have weight i and let d + 1 denote the maximal weight that shows up. Note that F Σ = F 0 and the support of F 0 + . . . + F d+1 is the union of all reducible fibres of g considered as a subvariety in X. Now consider the line bundle M on X given by
Multiplying by a suitable positive integer we may assume M ∈ Pic 0 (X) thanks to Lemma 3.6. We will need the following statement later in the proof.
Claim. Let V be a locally free sheaf on Y and let 0 n d . . . n 0 k be integers. Then for every component F of a fibre of g the equality
holds.
Proof of Claim. As ι X = π • ι Y where ι X , ι Y are the inclusions of F to X and Y , we have to show that
First, we show that if n d is big enough we obtain the claim for all F of weight d + 1. For this we simply observe that Σ and F i for all i restrict to an effective divisor on F (note that F is not contained in Σ because every exceptional divisor surjects onto C) and F d restricts to a non-zero effective divisor on F so that the claim follows from Lemma 3.5. Suppose that F has weight i > 0 and that the integers n d , n d−1 , . . . , n i are already chosen to obtain the claim for components of weight
is some line bundle, the F j , j ≤ i − 1, and Σ restrict to an effective divisor on F and F i−1 restricts to a non-zero effective divisor on F so that the claim follows from Lemma 3.5 if we choose n i−1 big enough. Finally, if F has weight zero, the claim follows by adjusting k.
9 Indeed, it is maybe not necessary the ni and k are ordered in the way formulated in the Claim, but like this we are sure that we can later on (namely in (3.4) for p = 1) still increase k and this does not affect the validity of the Claim.
Continuing the proof of Theorem 3.1, we choose L = L m+k 0 ⊗ M with m, k, n 0 , . . . , n d still to be determined. With this choice, (3.1) yields
Step 3c: We claim that for suitably chosen m, k, n 0 , . . . , n d > 0 we have H 2 (X, E ⊗ L) = 0. For this it is sufficient to show that for some k 0 we have H 2 (Y, π * (E ⊗ L)(−kΣ)) = 0 as we show next. Let us abbreviate Σ k := kΣ. The last claim follows if we show that the canonical morphisms
are injective respectively surjective. Injectivity follows from the Leray spectral sequence for π, which collapses at E 2 by the projection formula and the fact that Rπ * O Y = O X by (3) of Lemma 3.3. To deduce surjectivity, let B k ⊂ X be the closed subspace defined by the sheaf of ideals
The induced long exact sequence of cohomology groups
allows to deduce surjectivity from the vanishing
where for the first equality we invoke Lemma 3.3 and the second equality follows from dim B k ≤ 1. To calculate
via the Leray spectral sequence we have to show the vanishing of
for all p, q with p + q = 2. For p = 2 this vanishing is obvious for dimension reasons and for p = 1 it follows from Serre's theorem if k 0.
By base change, see [BS77, III. Corollary 3.5], it suffices to prove that for every (!) fibre F of g we have
where in the second step we used that π * L 0 | F = O Y (Σ)| F thanks to (3.1) and for the last step we used Serre duality on the fibre. Note that F is Cohen-Macaulay 10 and ω F = ω X (−F )| F is locally free because F ⊂ X is a Cartier divisor in the smooth manifold X.
On an irreducible fibre one can achieve the vanishing (3.5) by choosing the appropriate value for m by Lemma 3.5, because Σ dominates C. For reducible fibres the vanishing follows from (3.2) by an appropriate choice of 0 n d . . . n 0 k. Note that as k is the last parameter to be adjusted we can choose it in such a way that it simultaneously implies the vanishing (3.4) needed above for p = 1.
Therefore, for the appropriate choice of m, k, n 0 , . . . , n d there is no second cohomology along the fibres and thus R 2 g * π * (E ⊗ L ⊗m 0 ⊗ M ) = 0. This concludes the last step of the proof.
Remark 3.7. We would like to explain, where the gap in [CDP98] is hidden and where the problem shows up in the proof given above.
Lemma 1.5 in [CDP98] claims that if g : Y − → C is a holomorphic map from a threefold to a curve and E is a vector bundle on Y then R i g * E is locally free.
As a counterexample consider an elliptic curve E and on the product E × E the divisor D = {0} × E − ∆, where ∆ is the diagonal. If p is the projection to the second factor then R 1 p * O E×E (D) is a skyscraper sheaf supported at 0, in particular not locally free. Pulling back to E × E × P 1 we get the same phenomenon on threefold.
If in the proof of Theorem 3.1 in the last step
⊗ M ) would be locally free, then it would be enough to check the vanishing (3.5) for the general fibre and there would be no need to treat also the reducible fibres.
4. Examples of complex threefolds with b 2 = 0.
In this section we give a simple construction to show that the class of manifolds satisfying the conditions of Theorem 3.1 is non-empty. For special choices we recover some classical Calabi-Eckmann-manifolds [CE53] , a construction which has by now been generalized in several directions, see for instance [Me00, Bo01, MV04, Ca04, BO15, PUV16] .
Here we strive more for simplicity and thus do not work in the full possible generality.
4.1. Holomorphic principal bundles with fibre an elliptic curve. We fix an elliptic curve E = C/Γ, that is, a compact complex Lie group of dimension 1. We trivially get the short exact sequence of complex Lie groups
Now assume we have a holomorphic E-principal bundle π : X − → B over a compact complex manifold B.
Covering B by open balls U i we know that π −1 (U i ) ∼ = U i ×E as principal bundles over U i , and we can therefore describe 10 It is worthwhile noting that even though Serre duality needs F to be Cohen-Macaulay, we would have needed less as we only care about the duality between H 0 and H dim F , which holds for every compact complex space of pure dimension.
the principal bundle by a holomorphic cocycle with values in the structure group E.
In other words, if
is the sheaf on B of holomorphic maps to E, then E-principal bundles are classified by theČech-cohomology groupȞ 1 (B, E B ).
To study this cohomology group, we use (4.1): the sheaf of holomorphic maps to Γ is Γ B , the sheaf of locally constant functions with values in Γ, and the sheaf of holomorphic maps to C is just the structure sheaf O B , so that we get a short exact sequence of sheaves of abelian groups
Possible holomorphic E-principal bundles over B can now be studied via the associated long exact cohomology sequence and we do so in a special case. 
where we consider c(π) ∈ H 2 (B, Γ) ∼ = Hom(H 2 (B, Z), Γ).
Proof. The long exact cohomology sequence for (4.2) reads
. . .
c(−)
, which immediately yields the first two items under our assumptions. For the last item we use Hurewicz to identify π 2 (B) ∼ = H 2 (B, Z) and the universal coefficient theorem to describe the items in the long exact sequence for the homotopy groups of the fibration π. The homotopy groups of E are all trivial except π 1 (E) = Γ, since the universal cover is contractible.
4.2. Examples. Let E = C/Γ be a fixed elliptic curve. Note that in both these cases every meromorhic function in M(B) ∼ = C(x, y) pulls back to a meromorphic function on X so that there are a lot of nonholomorphic, meromorphic functions on X.
In particular, X satisfies the assumptions of Theorem 3.1.
Example 4.3. Let γ be an element in a basis of Γ and let c : H 2 (P 2 , Z) ∼ = Z − → Γ be given by 1 → γ. Considering the associated principal bundle π : X − → P 2 see that topologically X = Y × S 1 where Y is an S 1 -bundle over P 2 . By Proposition 4.1 and the Künneth formula we get an example where π 1 (X) = Z and b 2 (X) = 0. For B = P 1 we get a special Hopf surface, compare Example 2.12. For an elliptic curve B we get a Kodaira surface [BHPV04, p. 197 ]. The latter is also known as Kodaira-Thurston manifold, because it was exhibited by Thurston in [Th76] as the first example of a symplectic manifold that does not admit Kähler structures.
The automorphism group of a hypothetical complex S 6
Another important and interesting object in the study of a compact complex manifold X is its group of holomorphic automorphisms Aut O (X). Recall that Aut O (X) is a complex Lie group whose Lie algebra is the Lie algebra of holomorphic vector fields [BM47] .
In this section we discuss the result of Huckleberry, Kebekus, and Peternell on the automorphism group of a hypothetical complex structure on S 6 . To state the theorem we need the following definition. We expect that the condition a(S 6 ) = 0 can be removed 11 in the following results, see Section 3.
Theorem 5.2 (Huckleberry, Kebekus, Peternell). A complex 6-sphere S 6 with algebraic dimension a(S 6 ) = 0 cannot be almost homogeneous.
We deduce a result in the spirit of the bounds on the Hodge-numbers explained in [An17] .
Corollary 5.3. A complex 6-sphere S 6 with a(S 6 ) = 0 carries at most 2 linearly independent holomorphic vector fields, i.e., h 0 (T S 6 ) ≤ 2.
Proof. Note that the maximal dimension of an Aut O (S 6 )-orbit is max k k H 0 (S 6 , T S 6 ) − → H 0 S 6 , k T S 6 is non-zero .
Then the result follows directly from Theorem 5.2 and Proposition 2.9.
11 After the present article had been published, it was shown in [CDP19] that a(S 6 ) = 0 holds indeed.
5.1.
Ingredients of the proof. The proof of Theorem 5.2 is quite involved, but we don't feel we can improve on the presentation in [HKP00] ; simply expanding it to make it accessible to a wider audience would go beyond the scope of this paper. Let us however take a look what kind of techniques go into it.
We argue by contradiction: let us assume that S 6 is a complex 6-sphere with a(S 6 ) = 0 which is quasi-homogeneous. Then Proposition 2.9 implies that dim Aut O (S 6 ) = h 0 (S 6 , T S 6 ) = 3. So passing to the identity component of the universal cover of the automorphism group, we are in the situation that a 3-dimensional simply connected complex Lie group G with Lie algebra H 0 (S 6 , T S 6 ) = C X 1 , X 2 , X 3 acts with discrete ineffectivity on S 6 with an open orbit Ω = G·x 0 and complement E = S 6 \Ω a compact complex surface defined by the section X 1 ∧ X 2 ∧ X 3 ∈ H 0 S 6 , 3 T S 6 . Note that E is not empty, because every vector field has a zero as c 3 (S 6 ) = e(S 6 ) = 0. Now the proof proceeds by playing off against each other • the topology of S 6 , Ω, and E;
• the classification of low-dimensional complex Lie groups and their actions; • the analytic geometry of S 6 , e.g., the fact that S 6 contains only finitely many hypersurfaces by our assumption a(S 6 ) = 0 and [Kr86]; • the known structure of compact complex surfaces to control the geometry of (a desingularization of) E; and we refer to [HKP00] for the details.
5.2.
Connection to complex structures on P 3 . We will now explain a connection between the Hopf problem and the existence of exotic complex structures on complex projective space P 3 .
First of all, denoting byP 3 the differentiable manifold P 3 with the reversed orientation then complex conjugation and connected sum with a sphere induce diffeomorphisms P 3 ∼ =P 3 ∼ = S 6 P 3 . Now assume we have a complex S 6 with a(S 6 ) = 0 and denote the blow up at a point p by π p : X p − → S 6 . Then X p is diffeomorphic to the connected sum withP 3 , and hence to P 3 by the above. We can thus consider the X p as a family of exotic 12 complex structures on P 3 , parametrized by S 6 . Theorem 5.2 can be interpreted in this context as follows:
Proposition 5.4 (Huckleberry, Kebekus, Peternell). Assume there exists a complex S 6 with a(S 6 ) = 0. Then there is an at least 1-dimensional nontrivial family of exotic complex structures on P 3 .
Proof. With the above notation let E p = π −1 (p) ∼ = P 2 be the exceptional divisor of the blow up.
Assume ψ : X p − → X q is a biholomorphic map. The image ψ(E p ) generates H 2 (X q , Z) = Z[E q ] and [E q ] 2 = 0, so its intersection with E q is a curve or E q itself. If ψ(E p )∩E q is a curve then the composition π q •ψ| Ep is a non-constant map from P 2 to a surface which contracts a curve to a point. Such a map does not exist. So ψ(E p ) = E q and ψ covers a holomorphic automorphism ψ ∈ Aut O (S 6 ). We conclude that X p and X q are biholomorphic if and only if p and q are in the same Aut O (S 6 )-orbit.
By Theorem 5.2 the complex manifold S 6 is not almost homogeneous and therefore we can choose a small 1-dimensional embedded disc ∆ which is transversal to the orbits of the automorphism group. Then {X p } p∈∆ gives the desired 1-dimensional family of exotic complex structures on P 3 .
